ABSTRACT. We give a generalization of the Jordan canonical form theorem for a class of bounded linear operators on complex separable Hilbert spaces in terms of direct integrals. Precisely, we study the uniqueness of strongly irreducible decompositions of the operators on the Hilbert spaces up to similarity.
INTRODUCTION
Throughout this article, all Hilbert spaces discussed are complex and separable. Denote by L (H ) the set of bounded linear operators on a Hilbert space H . An idempotent P is an operator in L (H ) satisfying P 2 = P. A projection Q is an idempotent such that kerQ = (ranQ) ⊥ (See [5] ). An operator A in L (H ) is said to be irreducible if its commutant {A} ′ {B ∈ L (H ) : AB = BA} contains no projections other than 0 and the identity operator I on H , introduced by P. Halmos in [11] . (The separability assumption is necessary because on a nonseparable Hilbert space every operator is reducible.) An operator A in L (H ) is said to be strongly irreducible if XAX −1 is irreducible for every invertible operator X in L (H ) [10] . This shows that the commutant of a strongly irreducible operator contains no idempotents other than 0 and I. Strong irreducibility stays invariant up to similar equivalence while irreducibility is only an invariant up to unitary equivalence. An idempotent P in {A} ′ is said to be minimal if every idempotent Q in {A} ′ ∩ {P} ′ satisfies QP = P or QP = 0. For a minimal idempotent P in {A} ′ , it can be observed that the restriction A| ranP is strongly irreducible on ranP. An operator A in L (H ) is said to have a finite strongly irreducible decomposition if there exist finitely many minimal idempotents {P i } n i=1 in {A} ′ such that ∑ n i=1 P i = I and P i P j = P j P i = 0 for 1 ≤ i = j ≤ n. By the above observation, an operator A in L (H ) having a finite strongly irreducible decomposition can be expressed as a direct sum of finitely many strongly irreducible operators.
On finite dimensional Hilbert spaces, every strongly irreducible operator is similar to a Jordan block. In [12] , D. A. Herrero and C. Jiang proved that for every operator T in L (H ), there exists a sequence {T n } ∞ n=1 in L (H ) such that lim n→∞ T − T n = 0, where every operator T n is similar to a direct sum of finitely many strongly irreducible operators. Y. Cao, J. Fang and C. Jiang [4] studied the uniqueness of finite strongly irreducible decompositions of operators in L (H ) up to similar equivalence by the K 0 groups of Banach algebras. For more work around this subject, the reader is referred to [7, 8, 9, 13, 14, 15, 16, 17, 19] . Inspired by the ideas and results in [4] , we study operators in L (H ) which may have no finite strongly irreducible decompositions. In particular, there are many operators in L (H ) whose commutants contain no minimal idempotents. To represent these operators, direct sums of strongly irreducible operators need to be generalized to direct integrals with some regular Borel measures. In [18] , C. Jiang and the author of the present paper proved that an operator A in L (H ) is similar to a direct integral of strongly irreducible operators if and only if its commutant {A} ′ contains a bounded maximal abelian set of idempotents. A direct integral of strongly irreducible operators means the integrand is strongly irreducible almost everywhere on the domain of integration. For related concepts and results about direct integrals and abelian von Neumann algebras, the reader is referred to [3, 5, 6, 20, 21] .
Following the notation of [18] , we generalize a definition mentioned above. An operator A in L (H ) is said to have a strongly irreducible decomposition if its commutant {A} ′ contains a bounded maximal abelian set of idempotents. Furthermore, a strongly irreducible decomposition of the operator A is said to be unique up to similarity if for bounded maximal abelian sets of idempotents P and Q in {A} ′ , there is an invertible operator X in {A} ′ such that XP X −1 = Q.
As a corollary of the main theorems, a normal operator in L (H ) has unique strongly irreducible decomposition up to similarity if and only if the multiplicity function m N for N is finite a. e. on σ(N) with respect to the scalar-valued spectral measure µ N . By this, the tensor product I H ⊗ N does not have unique strongly irreducible decomposition up to similarity, if dimH = ∞.
To simplify the statements of the main theorems, we need to introduce the upper triangular representation for operator-valued matrices. Assume A in L (H ) is a direct integral of strongly irreducible operators in the form
with respect to a partitioned measure space {Λ, µ, {Λ n } ∞ n=1 }, where µ is a regular Borel measure on a compact set Λ and {Λ n } ∞ n=1 is a Borel partition of Λ, and the equation µ(Λ n ) = 0 holds for all but finitely many n in N (0 / ∈ N), and the dimension of the fibre space H λ ([1], §2) is n for almost every λ in Λ n . By ( [2] , Corollary 2), there is a unitary operator U such that
where
n the scalar-valued spectral measure for M φ n . Let the set {Γ nm } m=∞ m=1 be the Borel partition of the spectrum σ(M φ n ) with respect to the ν n -measurable multiplicity function
For a class of operators in L (H ) having unique strongly irreducible decompositions up to similarity, we give a necessary and sufficient condition by K-theory for Banach algebras. Precisely, we prove the following theorems. (1) and expressed as in (2) such that (i) the ν n -measurable multiplicity function m φ n is simple and may take ∞ on the spectrum σ(M φ n ) for every n in N and (ii) every superdiagonal entry as in (2) is invertible for n in {n ∈ N : µ(Λ n ) > 0}.
Then the following statements are equivalent. 
f is Borel and bounded on σ(A)} and 
This equation yields that x ij = 0 for i > j and
On the other hand, if α i,i+1 = 0 holds for i = 1, 2, . . . , n, then every matrix in M n (C) commuting with the matrix (α ij ) 1≤i,j≤n can be expressed in the form
If X is an idempotent, then it must be I or 0. Thus the matrix (α ij ) 1≤i,j≤n is strongly irreducible.
Applying this lemma, we obtain the following corollary.
In this corollary, the Multiplication operator
induced by the function
can be approximated by a sequence of invertible Multiplication operators in L (L 2 (µ n )). Meanwhile, replacing the superdiagonal entries with invertible ones enable us to simplify the problem.
That is why we add the hypothesis (ii) in Theorem 1.1. Precisely, we obtain the following two lemmas.
LEMMA 2.3. If an operator A n is a direct integral of strongly irreducible operators stated as in (2) in the form
A n =         M φ n M φ n 12 M φ n 13 · · · M φ n 1n 0 M φ n M φ n 23 · · · M φ n 2n 0 0 M φ n · · · M φ n 3n . . . . . . . . . . . . . . . 0 0 0 · · · M φ n         n×n ,
then for every positive integer k, there exists an operator A nk in the form
By the definition, the operator M φ n i,i+1,k is invertible for 1 ≤ i ≤ n − 1.
LEMMA 2.4. If an operator A n is a direct integral of strongly irreducible operators stated as in (2) in the form
Proof. We construct an invertible upper triangular operator-valued matrix
by the equation
Therefore we obtain an invertible operator-valued matrix X n in the form
such that the equation (3) holds.
By Lemma 2.4, we can reduce equation (2) to the form
in the sense of similar equivalence. For a regular Borel measure ν on C with compact support
LEMMA 2.5. Let an operator A n be in the form
where ν n is a regular Borel measure and supported on some compact set K n such that 0 < ν n (K n ) < ∞. Then the strongly irreducible decomposition of A n is not unique up to similarity.
Proof. To prove this lemma, we need to construct two bounded maximal abelian sets of idempotents in {A n } ′ which are not similar.
We can write N (∞) ν n in the form N ν n ⊗ I l 2 , where I l 2 is the identity operator on l 2 . Denote by P the set of all the spectral projections of N ν n . This set forms a bounded maximal abelian set of idempotents in {N ν n } ′ . Let {e k } ∞ k=1 be an orthonormal basis for l 2 . Denote by E k the projection such that ranE k = {λe k : 
is a bounded maximal abelian set of idempotents in {A n } ′ for i = 1, 2.
An operator X in {A n } ′ can be expressed in the form
We prove that X ij is in {N ν n ⊗ I l 2 } ′ . Note that P (∞) is the set of all the spectral projections of N ν n ⊗ I l 2 . Fix an projection P in (P (∞) ) (n) . The operator A can be expressed in the form
, where
The measures ν n1 and ν n2 are mutually singular and their supports depend on the characteristic functions corresponding to P and I − P. Hence X can also be expressed in the form (5) is an idempotent, then so is every main diagonal entry X ii of X.
We assume that X is an idempotent in {A n } ′ and commutes with F (n)
1 . Hence X ii commutes with F 1 . The fact that F 1 is a maximal abelian set of idempotents implies that X ii belongs to F 1 . Thus X ii commutes with X ij . For the 1-diagonal entries, the equation 2X ii X i,i+1 − X i,i+1 = 0 yields X i,i+1 = 0, for i = 1, . . . , n − 1. By this way, the k-diagonal entries of X are all zero, for k = 2, . . . , n. Therefore X is in F (n)
are bounded maximal abelian sets of idempotents in {A n } ′ .
We prove that F (n) 1
and
are not similar in {A n } ′ . Every operator X in {A n } ′ can be written in the form
Suppose that there is an invertible operator X in {A n } ′ such that
2 , the projection P(λ) is either of rank ∞ or 0, for almost every
for almost every λ in σ(N ν n ). This is a contradiction. Therefore F 
COROLLARY 2.6. Let an operator A n be in the form
where m is a positive integer and ν n is a regular Borel measure supported on some compact set K n such that 0 < ν n (K n ) < ∞. Then the strongly irreducible decomposition of A n is unique up to similarity.
For a regular Borel measure ν with compact support, Denote by J m (ν) an operator in the form
Proof. By a similar computation as in Lemma 2.5, we obtain that every op-
By the equation 
Proof. We only need to prove the first equation. The second equation can be obtained by the same method. Let B = (C T , D T ) T such that C and D are in the form
By a similar computation as in Lemma 2.5, we can obtain that P 
Note that the equation P 2 = P implies that R 11 = R 22 = 0 and the construction of X depends on P. In the following example, we construct an operator A and prove the strongly irreducible decomposition of A is unique up to similarity.
1 (ν). We prove that for every two bounded maximal abelian sets of idempotents P and Q in {A} ′ , there is an invertible operator X in {A} ′ such that the equation P = XQX −1 holds and 
We can verify that P is a bounded maximal abelian set of idempotents in {A} ′ . Then we only need to prove that for every bounded maximal abelian set of idempotents Q in {A} ′ , there is an invertible operator X in {A} ′ such that P = XQX −1 .
We reduce the rest into two claims:
(i) For every idempotent P in {A} ′ , there is an invertible operator X in {A} ′ such that XPX −1 belongs to P.
(ii) There are seven idempotents {Q k } 7 k=1 in Q such that for almost every λ in σ(N ν ), {Q k (λ)} 7 k=1 and Q(λ) generate the same bounded maximal abelian set of idempotents.
Every operator B in {A} ′ can be expressed in the form • 
If P is an idempotent in {U 1 AU * 1 } ′ , then by the proof of ( [22] , Lemma 3.4), we can construct an invertible operator X in {U 1 AU * 1 } ′ of the form
where the main diagonal blocks as in (7) are diagonal projections. There is also a unitary operator U 2 in {U 1 AU * 1 } ′ of the form To prove claim (ii), we need to define a ν-measurable function r Q with respect to an idempotent Q in {A} ′ . Without loss of generality, we assume that
where Tr stands for the standard trace of a square matrix. Note that r Q stays invariant up to similarity. By the proof of ( [22] , Lemma 3.5), we can obtain that there are seven idempotents Q i in Q such that The idempotent Q i may be in the form
is a Borel partition of σ(N ν ). We can choose finitely many spectral projections of N (7) ν to cut Q i s and to piece together new Q i s such that every Q i belongs to a P m for m = 1, 2, 3. We finish the proof of claim (ii).
By the proof of ( [22] , Lemma 3.6) and the idempotents {Q i } 7 i=1 constructed above, we can obtain an invertible operator X in {A} ′ such that XQX −1 = P. Therefore the strongly irreducible decomposition of A is unique up to similarity.
Assume that Q 1 , Q 2 and Q 3 are in P 1 , P 2 and P 3 respectively. Then there is a group isomorphism α such that α ( There is a unitary operator V such that VAV * can be expressed in the form as described at the beginning of Example 2.10. Then we can apply the above lemmas to perform calculation as we need. Note that the equation
holds for mutually singular Borel measures ν 1 and ν 2 . By Lemma 2.5, if the strongly irreducible decomposition of A is unique up to similarity, then every multiplicity function m φ n is bounded. Then we can obtain that V({A} ′ ) and K 0 ({A} ′ ) are as described in the theorem. On the other hand, if the strongly irreducible decomposition of A is not unique up to similarity, then there is a number m in {n ∈ N : µ(Λ n ) > 0} such that the multiplicity function m φ m takes ∞ in its codomain on a Borel subset Γ m1 of measure nonzero in its domain. Therefore in K 0 ({A} ′ ), every Borel function f vanishes on Γ m1 . This is a contradiction.
The proof of Theorem 1.2 is an application of Lemma 2.3.
